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An application of quantum size carbon structures–graphenes as electrodes of super-
capacitors is studied. A fundamental limit of energy and power density arising from
quantum nature of objects due to singularity in graphene density of states near Dirac
point is determined and technical solutions to partially offset the negative factors are
considered. The maximum possible specific capacitance of nanostructured electrode
materials is determined.
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2I. INTRODUCTION
Devices and materials for energy storage are of paramount importance to modern technol-
ogy. Requirements and the corresponding technical conditions are so different that practi-
cally used technical solutions vary greatly. Common approaches to a wide range of technical
solutions and examples can be found in the monographs[1, 2].
Storage of electrical charge in double layer (EDCL) is a fundamental principle of elec-
trochemical capacitors, or supercapacitors. Energy storage mechanism in these devices is
different from the mechanism in conventional capacitor; However, since the total energy in
both cases is proportional to electrode area, the search of effective material for electrodes is
an important problem in both cases. Recent development led to numerous supercapacitor
devices with electrodes made of graphene-based materials[3–7]. Nevertheless, none of these
studies have reached the specific capacitance, corresponding to known graphenes specific
area 2630 m2/g [8] geometric limit. We use the term ”graphene–based materials” (GBM)
as a collective term for the materials studied in publications on graphene application (for
example [9]), as their properties are quite different[10] from ideal graphene, but at the same
time exhibit the main features of these objects. In addition to possible technological factors,
there is exist capacity reduction[11–13] due to fundamental features of graphene. Conse-
quently, the effective specific capacity of the graphene material is a function of accumulated
charge and under certain conditions can be substantially, more than an order of magnitude,
lower than that expected from specific surface estimation. An effect of extra charge carriers,
coming either from doping the material or from charging the supercapacitor, on specific
capacity is exhibited.
II. CAPACITANCE
In this paper we study the influence of the same factors on energy characteristics of the
graphene material. Electrical energy accumulated on GBM electrodes is equivalent[14] the
energy of to serially connected regular (geometric, determined by electrodes surface) capac-
itance and so called quantum capacitance. The differential capacitance c(U) of graphene
sheet charged from an external source U can be expressed as
1
cT (U)
=
dU
dQ
=
dUg
dQ
+
dE
dQ
(1)
3where Ug is the electrostatic potential and E is the energy of electron (hole) in the conduction
(valence) band (here and below, it is assumed that the second electrode of the capacitor has
infinite capacitance). The first term in Eq. (1) represents the typical geometric capacitance
(dUg
dQ
= 1/Cg) and the second term reflects the influence of quantum effects. The total
capacitance can only be smaller the ”classical” Cg one, and the accumulated specific energy
can be only lower. The equivalence of GBM capacitance to serially connected double layer
capacitance and quantum capacitance should have as a consequence not only the reduction
in capacitance, but also potential redistribution, as they are serially connected.
External voltage applied to the GBM capacitor (measured at its electrodes) is a sum of Ug
(regular capacitor) and E (quantum capacitor). The microscopic nature of these potentials
is different. Ug voltage is related to geometric capacitance, applied to a double charged
layer at electrode surface– electrolyte boundary. E - voltage ”applied” to the quantum
capacitance. The origin E is charge redistribution within conduction band, what lead to
Fermi level shift and is equivalent to additional E potential applied. Given the density of
states in the conduction band this E can be calculated from the charge on the capacitor, as
following.
Consider the quantum portion of differential capacity (1)
dQ
dE
= c(E) (2)
In typical capacitors, the potential (energy per unit charge) arises due to the electrostatic
interaction of accumulated electric charges. In the case of graphene, the relationship between
introduced charges and required energy involves additional coupling that is related to the
finite electron density of states (DOS) in graphene. The energy band structure of graphene
has a singularity at six equivalent points on the boundary of the Brillouin zone. At these
points, the boundary states of the conduction band and valence band appear as two cones
sharing a common vertex[15]. The DOS of conduction electrons (n) and holes is zero at the
singular point and linearly increases with energy as
n(E) = αE (3)
Under not very high E and Graphene quantum linear dispersion relation c(E) = k |E| for
undoped graphene, and in homogeneously doped graphene
c(E) = k |E −Ed| (4)
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FIG. 1. Graphene c(E) for different Ed (left) and c(E) for a system with two Ed (right).
where the Ed is doping level – the difference between Fermi level and singular point. In
case of inhomogeneously doped graphene the (4) should be averaged over Ed and the result
for two Ed is presented in Fig. 1. For practical applications the total charge and energy
accumulated is of most interest. Integrating (2) from 0 to E obtain
Q(E) =
∫ E
0
c(U)dU (5)
W (E) =
∫ E
0
Uc(U)dU (6)
The formulas (5) and (6) allows total charge Q and energy W to be calculated. Consider
the case when charging (or discharging) current is a constant I. Then Q = It and total
potential on supercapacitor is a sum of regular double layer potential Ug = Q/Cdl and Fermi
level shift E, that (5) on upper limit.
Q = It (7)
Q = Ug/Cdl (8)
U = E + Ug (9)
The easiest way to calculate charging curve U(t) is to calculate it in parametric form, using
E as a parameter, calculating U(E) and t(E) from (5), (8) and (7). The U(Q), Fig. 2,
because of an additional E(Q) contribution to Ug(Q), means capacity reduction due to
quantum effects. However, this quantum contribution E(Q) depend on density of states at
U = 0 and can be greatly reduced by doping supercapacitor electrodes as shown in Fig.2
(bottom). Now additional charge would lead to a small Fermi level shift, thus reducing
E(Q) contribution, responsible for capacity reduction. There is one more factor that limits
accumulation of charge and energy on EDLC - the ”Stability window” of the electrolyte. The
5FIG. 2. Left: Ug(Q), E(Q) and U(Q) for supercapacitors with GBM electrodes. Right: U(Q) for
differently doped electrodes.
FIG. 3. Potential redistribution on the supercapacitor.
voltage applied to double layer is limited by electrolyte decomposition potential. The limit
is the maximal voltage not yet causing electrolyte(liquid or solid) decomposition. For solid
electrolyte RbAg4I5 this value is about 0.55V; for water-based electrolyte of about 1V, and
for electrolytes based on organic solvents limiting voltage typically is 2.5-3 V. Important,
that this limitation is applicable only to double layer potential Ug. There is no similar
limitation mechanism applied to E. Thus, the above discussion shows that the total voltage
that can be applied to the EDLC type under discussion, is higher than the one determined
from the ”stability window” on classical surfaces.
The calculations in Fig. 3 were made under the same conditions as in our paper[14],
6where we took into account graphene density of states, what lead to dependence of the
capacitance on the capacitor charge. In Fig 3 the x is total voltage, and y is the fraction,
applied to double layer (applied to electrolyte). Fixing y value at electrolyte decomposing
potential then projecting to x one can obtain maximal potential, which can be applied to
the capacitor without electrolyte decomposition. The graph shows that the total voltage
can be up to 1.5–3 times greater than electrolyte decomposition potential. The calculations
show, that in spite of the reduction in the effective capacity, the effect can be partially
compensated by the maximal potential increase.
A family of curves in Figure 3 reflects the redistribution of potential applied to the GBM
(the lower axis, the potential between the solution in volume and GBM) between the voltage
an the double layer (EDCL) (right axis) and the rise of the Fermi energy in the GBM (left
axis). Two pairs of curves (a pair in each case) on the figure correspond to the two types
GBM doping[14].
III. POWER
Another extremely important parameter of energy storage device is the maximal output
power. The parameter(besides voltage) determining the power is internal resistance. The
internal resistance is often limited by the conductivity of electrodes material and device
technology. Electrolyte conductivity, while important, is more difficult to optimize. A
distinctive feature of EDLC on GBM should be the dependence of material conductivity on
accumulated charge. The reason for this dependence should be the same density of state
dependence on accumulated charge. In the simplest case the potential drop on internal
resistance would be:
UR = I/σ(E) (10)
U = E + Ug + UR (11)
where the conductivity σ(E) depend on carrier density through the E potential, same as
used for capacity calculations. In the Eq. (11) the internal resistance term is added to
total potential. In the simplest case the σ(E) dependency can be estimated from simple
considerations. Standard graphene dispersion near band edge E = h¯VF |k| have zero effective
mass and almost infinite mobility. However, this is the case only near the band edge. In
7the band is partially occupied, to the level of E, then the effective mass m∗, affecting the
mobility, can be estimated as
m∗ =
eE
VF
(12)
µ = β
1
E
(13)
and growth with filling the band. Thus the dependence of conductivity on E has two factors:
growing with E the concentration of carriers (3) as |E| and declining as 1/ |E|mobility due to
effective mass (12) increase. For power measurement then the σ(E) take a constant value.
In the case of graphene σ(E) exhibit no singularity near E = 0, because of singularities
cancellation in numerator and denominator. This effect is different from typically studied
in graphene Dirac point conductivity, that consider small current experiments. Here on
large current, most interesting setup for supercapacitors, the effective mass expression(12)
is different and give as a result finite conductivity.
IV. DISCUSSION
In this work limit capacitance, maximal potential and power of supercapacitors with
electrodes made from GBM are estimated. It was shown that quantum capacity limit total
capacity, but the effect can be partially offset by 1) Doping graphene electrodes to increase
carriers concentration and 2) Due to potential redistribution between double layer and band
shift total voltage, that can be applied to the device become higher than in classical case,
thus allows partial offset of capacity reduction.
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